We find the topological entropy formula for all N > 2 extended supergravities in five dimensions and the fixed scalar condition for the black-hole "potential energy" which extremizes the BPS mass. We comment upon the interpretation of these results in a string and M-theory setting.
Introduction
Recently, considerable attention has been given to macroscopic [1] - [6] and microscopic [7] , [8] properties of black-holes arising in the low energy approximation of string theory and M-theory.
In particular, the use of U-duality and the determination of some black-hole quantum attributes, such as their mass, charge and entropy, has dramatically come to play an important role.
The entropy of BPS-extremal black-holes, both in four and five dimensions, has been computed, in the macroscopic theory, using a fairly general principle, namely the extremization of the BPS mass in moduli space. This extremum also defines the so called "fixed-scalars" whose microscopic properties have been further studied in recent time [9] .
In a recent paper [10] we have considered theories with more than two supersymmetries in D = 4 and extended the analysis of fixed scalars to the general case.
In particular we have found that, although the scalars may generally be fixed, for arbitrary magnetic and electric charge configurations only a subset of them gets a mass in the black-hole background.
Moreover, topological invariants have been introduced which give a definition of the entropy without need of extremization of the BPS mass.
It is the aim of the present paper to extend this analysis in the D = 5 dimensional case, for theories with N > 2 supersymmetries.
Theories with N = 2 at D = 5 have been considered earlier [3] and fixed scalars recently analyzed in great detail [11] .
A technical important difference in this case is that although matter charges vanish for fixed scalars, preserving one supersymmetry requires that the eigenvalues of the central charges which are not the BPS mass do not generally vanish at the horizon, but are all equal and fixed in terms of the entropy. This paper is organized as follows: in section 2 we discuss the geometry of N > 2 five dimensional theories, their U-duality symmetry, the black-hole potential and the differential relations obeyed by the central charges. The fixed scalar condition in D = 5 is then extablished by looking at the extrema of the black-hole potential of the geodesic action.
In section 3 we derive the topological invariants for N = 4, 6, 8 theories in terms of which the Bekensein-Hawking entropy can be written as a manifestly duality invariant expression in terms of the quantized charges.
In section 4 we comment on the relation of these results with string and M-theories.
The attractor point condition
Following the same procedure used in D = 4 [10] , we give in this section the expression for the entropy for N = 4, 6, 8 black-holes in five dimensional supergravity. We will exhibit the relation between central and matter charges that follows from the "fixed scalar" condition of "minimal mass". The five dimensional case exhibits analogies and differencies with respect to the four dimensional one.
Exactly like in the four dimensional theories, the entropy is given, through the BekensteinHawking relation, by an invariant of the U-duality group over the entire moduli space and its value is given in terms of the moduli-dependent scalar potential of the geodesic action [12] at the attractor point [2] , [3] , [4] :
where we have used the relation V extr = 4 3 M 2 extr which is valid for any N in D = 5, as we will show in the following.
Note that, while in the four dimensional case the U-invariant is quartic in the charges, in D = 5 it turns out to be cubic.
Furthermore, in five dimensions the automorphism group under which the central charges transform is USp(N) instead of SU(N) × U(1) as in the four dimensional theories [13] , [14] .
As it is apparent from the dilatino susy transformation law, this implies that, at the minimum of the ADM mass, the central charges different from the maximal one do not vanish, contrary to what happens in D = 4.
The vanishing of charges in D = 4 at the attractor point was also recovered in ref [10] , in an alternative way, by looking at the extremum of the scalar "potential" V (φ, p, q) of the geodesic action [12] , [5] , where the following equation holds:
P ABCD being the vielbein of the scalar manifold, completely antisymmetric in its SU(N) indices. It is easy to see that in the normal frame these equations imply:
In D = 5 the same kind of procedure can be applied but, due to the traceless condition of the antisymmetric symplectic representations of the vielbein P ABCD and of the central charges Z AB ,the analogous equations:
do not imply anymore the vanishing of the central charges different from the mass. Here A, B, · · · are USp(N) indices and the antisymmetric matrix Z AB satisfies the reality condition:
C AB being the symplectic invariant antisymmetric matrix satisfying C = −C T , C 2 = −1 1. Let us now consider more explicitly the various five dimensional theories. In N = 4 matter coupled supergravity [13] , the scalar manifold is given by
The black-hole potential is given by:
where X is the central charge associated to the singlet photon of the N = 4 theory, q Λ ≡ S 3 N ΛΣ ⋆ F Σ and N ΛΣ are the electric charges and vector kinetic matrix respectively.
The central charge Z AB can be decomposed in its C-traceless part
• Z AB and trace part X according to:
This decomposition corresponds to the combination of the five graviphotons and the singlet photon appearing in the gravitino transformation law [13] . The matter charges Z I are instead in the vector representation of O(n).
Note that in the dilatino transformation law a different combination of the five graviphotons and the singlet photon appears corresponding to the integrated charge:
The differential relations satisfied by the central and matter charges are:
(2.11)
To minimize the potential, it is convenient to go to the normal frame where
• Z AB has proper values e 1 , e 2 = −e 1 . In this frame, the potential and the differential relations become:
where P I ≡ P I12 is the only independent component of the traceless vielbein one-form P IAB in the normal frame. We then get immediately that, in the normal frame, the fixed scalar condition ∂V ∂φ = 0 requires:
where e i (i = 1, 2) are the proper values of In the N = 6 theory, the scalar manifold is G/H = SU ⋆ (6)/Sp(6) [13] . The central charge Z AB can again be decomposed in a C-traceless part
• Z AB and a trace part Z according to:
The traceless and trace parts satisfy the differential relations:
where P AB is the C traceless vielbein of G/H. The geodesic potential has the form:
where Λ, Σ, · · · = 1, · · · , 6 are indices in the fundamental representation of SU ⋆ (6), the couple of indices ΛΣ in the elctric charges q ΛΣ are antisymmetric and (N ) ΛΣ,Γ∆ is the kinetic matrix of the vector field-strengths F ΛΣ To perform the minimization of the potential we proceed as in the N = 4 case going to the normal frame where where P 1 , P 2 , P 3 = −P 1 − P 2 are the proper values of the vielbein one-form P AB in the normal frame. Imposing the attractor-point constraint ∂V ∂φ = 0 on the potential we get the following relations among the charges at the extremum: In the N = 8 supergravity the scalar manifold is G/H = E 6(−6) /Sp(8) and the central charges sit in the twice antisymmetric, C-traceless, representation of USp(8) [13] .
The scalar "potential" of the geodesic action is given by:
where q ΛΣ ≡ N ΛΣ,Γ∆ F Γ∆ are the electric charges and N ΛΣ,Γ∆ the vector kinetic matrix.
The extremum of V can be found by using the differential relation [13] :
where P ABCD is the four-fold antisummetric vielbein one-form of G/H. One obtains:
To find the values of the charges at the extremum we use the traceless conditions C AB P ABCD = 0, C AB Z AB = 0. In the normal frame, the proper values of Z AB are e 1 , e 2 , e 3 , e 4 = −e 1 − e 2 − e 3 and we take, as independent components of the vielbein, P 1 = P 1234 = P 5678 , P 2 = P 1256 = P 3478 (P 3456 = P 1278 = −P 1 − P 2 ). In this way, the covariant derivatives of the charges become: ∇e 1 = (e 1 + 2e 2 + e 3 )P 1 + (e 1 + e 2 + 2e 3 )P 2 (2.31) ∇e 2 = (e 1 − e 3 )P 1 + (−e 1 − e 2 − 2e 3 )P 2 (2.32) ∇e 3 = (−e 1 − 2e 2 − e 3 )P 1 + (e 1 − e 2 )P 2 (2.33) (2.34)
Using these relations, the extremum condition of V implies: 
Topological invariants
In this section we determine the U-invariant expression in terms of which the entropy can be evaluated over the entire moduli space. Our procedure is the same as in ref.
[10], namely we compute cubic H-invariants and determine the appropriate linear combination of them which turns out to be U-invariant.
The invariant expression of the entropy for N = 4 and N = 8 at D = 5 in terms of the quantized charges was given in [4] .
Let us begin with the N = 4 theory, controlled by the coset
In this case there are three possible cubic H-invariants, namely:
In order to determine the U ≡ G = O(5, n) × O(1, 1)-invariant, we set I = I 1 + αI 2 + βI 3 and using the differential relations (2.10) one easily finds that ∇I = 0 implies α = 1, β = 0.
Therefore: 1) )-invariant independent of the moduli and the entropy S = π 12 M 3 2 is then given as:
In the N = 6 theory, where the coset manifold is SU * (6)/Sp(6), the possible cubic Sp(6)-invariants are:
Setting as before:
the covariant derivative ∇I is computed using the differential relations (2.20) and the parametrere α and β are then determined by imposing ∇I = 0. Actually, the best way to perform the computation is to go to the normal frame. Using the differential relations (2.24)-(2.26) and the expression for the invariants in the normal frame:
T r(ZC) 3 = −6(e the vanishing of ∇I fixes the coefficients α and β. The final result is:
and the entropy is:
Finally, for the N = 8 theory, described by the coset E 6(6) /Sp(8), it is well known that there is a unique E 6 cubic invariant, namely:
where the Sp(8) indices are raised and lowered by the antisymmetric matrix C AB . Curiously, the E 6 -invariant corresponds to a single cubic USp (8) One finds indeed ∇I = 0 and therefore
We note that in the normal frame the transformations of the coset which preserve the normal form of the Z AB matrix belong to O(1, 1)
2 both for N = 6 and N = 8 theories. The relevant O(1, 1) 2 transformations can be read out from eqs. (2.24)-(2.26), (2.31) by replacing the vielbein P 1 , P 2 with parameters ξ 1 , ξ 2 and the ∇ simbol with the variation simbol δ.
The ensuing transformations correspond to the following commuting matrices A, B which are proper, non compact, Cartan elements of the coset algebra IK: 
Relation to string and M-theory
Theories of the type described in the present paper have been actually considered for the microscopic determination of the mass and entropy of black-holes arising in string theory and M-theory. N = 2 black-holes at D = 5 [15] arise in M-theory compactified on a Calabi-Yau threefold or heterotic string on K 3 × S 1 [16] - [20] . In this case the moduli space geometry is "very special geometry" [21] , [22] which does not require (local) homogeneous spaces.
From N = 8, by decomposition to N = 2 at D = 5 we obtain a gravitino multiplet with a spin 3/2 in the 6 of Sp(6), 14 vector multiplets with associated coset SU ⋆ (6)/Sp(6) [14] and 7 hypermultiplets with associated exceptional coset F 4(4) /Sp(2) × Sp (6) .
This means that (6) in the sense of solvable Lie algebras [23] .
This also means that, by truncating N = 8 at D = 5 to N = 2, we may get a theory with n V = 14, n H = 0 or a theory with n V = 0, n H = 7.
If we compactify M-theory on T 6 /Z 3 we get for example n V = 8 with M V = SL(3,C)/SU(3) and n H = 1 with M H = SU (2,1) SU (2)×U (1) . There is a series of very special manifolds for each Z N orbifold, since we get a N = 2 theory at D = 5 by compactifying M-theory on any Z N orbifold.
These manifolds are given in ref. [21] . As in four dimensions, fixed scalars can be analyzed in terms of N = 2 multiplets [10] . Therefore we may expect that, in N = 8, 28 scalars remain massless, while 14 get a mass from the geodesic potential.
A similar analysis can be done for lower N theories. N = 4 appears in heterotic string on T 5 or M-theory on K 3 × T 2 . In both cases the number of matter multiplets is n = 21 and the O(5, 21; Z Z) U-duality group is related to the Narain lattice in heterotic or to the K 3 cohomology structure in Type II. N = 8 corresponds to Type II on T 6 or M-theory on T 7 , while N = 6 can be obtained in Type II compactified on a asymmetric orbifold [24] . "Fixed scalars" and entropy formulae have been obtained using D-branes techniques, by microscopic calculations, in these theories [9] .
It would be interesting to compare microscopic results in particular theories with the model-independent analysis performed in this paper.
